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Ion-surface scattering scenario
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The electronic Hamiltonian in B.O approximation, (e = h̄ = me = 1)

H = −1

2
∇2 + Ve−surf(r) + Ve−H(r;D),



Schrödinger equation for the electronic motion

i
∂

∂t
Ψ(t) = HΨ(t), Ψ(0) = ψion

Transition amplitude

A(t;D) = 〈Ψ(t;D)|Ψ(0)〉
Projected density of states

ρ(E;D) =
1

π
Re

∫ ∞

0
dteiEtA(t;D)

For isolated resonances

ρ = ρ0 + A
Γ/2

(E − Er)2 + Γ2/4



Ion-survival probability (rate equation)

P = e
−

∫∞
−∞ dt Γ(D(t))

Collision energy E = 1 keV, broken-straight-line trajectories

D(t) = Dcls + vi(t0 − t), t < t0

D(t) = Dcls + vr(t− t0), t ≥ t0

|vi| = |vr|
D(t) = (Dpar(t), Dnor(t)), v = (v‖, v⊥)



Effective potentials

Electron-hydrogen interaction potential in 3D

U(r′) = − exp (−2r′)/r′ − (4.5/2r′4) exp (−2.547/r′2),

In 2D

Ve−H =
1.107 U√

0.1417 U2 + 1

Electron-surface interaction potential

Ve−surf(r) = φ(r) + Vxc(r)



Thomas-Fermi-von Weizsäcker model.

E[n] = Ts[n] + Exc[n] +
1

2

∫
dr

∫
dr′n(r)

1

|r− r′|n(r′)−
∫

dr
∫

dr′nJ(r′)
1

|r− r′|n(r)

Ts[n] =
∫
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(
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10
(3π2)2/3n5/3(r) +

λw

8

|∇n|2
n

)

Exc[n] = −
∫

dr

(
3

4

(
3

π

)1/3

n4/3(r) +
0.44n(r)

7.8 + (3/4πn(r))1/3

)

Euler-Lagrange equation for the static electron density

δE[n]

δn(r)
− µ = 0

Vxc(r) =
δExc[n]

δn(r)
, φ(r) =

∫
dr′

n(r′)− nJ(r′)
|r− r′|

Substitution n(r) = ψ2
w(r),⇒

(
−λw

2
∇2 + veff(r)

)
ψw(r) = µψw(r), λw = 1/4

veff(r) = φ(r) +
1

2
(3π2)2/3ψ4/3

w (r)−
(

3

π

)1/3

ψ2/3
w (r)−

− 0.44ψ2/3
w (r)

7.8ψ2/3
w (r) + (4/3)(3/4π)1/3

(7.8ψ
2/3
w (r) + (3/4π)1/3)2

.

∇2φ(r) = −4π(ψ2
w(r)− nJ(r)), nJ = nbulkθ(ξ(x, y)− z)



Characteristic length-scales

Fermi wavelength λF and Wigner-Seitz radius rs

λF = 2π/kF , kF = (3π2nbulk)
1/3, rs =

(
3

4πnbulk

)1/3

Thomas-Fermi screening length lTF

lTF =

√
EF

6πnbulk

, EF = k2
F /2

metal rs nbulk lTF λF

Al 2 0.0298 0.90 6.55

Cu 3 0.0088 1.11 9.82

Na 4 0.0037 1.28 13.10

K 5 0.0019 1.43 16.37



Numerical method

L/2,L/2]x[-Z,Z]
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x

z

D= + + .... +

Ω = [−L/2, L/2]× [−Z, Z].

ex · ∇ψw = 0, ex · ∇φ = 0, x = ±L/2, ∀z ∈ Ω

ψw(x,−Z) =
√

nb, ψw(x, Z) = 0, ∀x ∈ Ω

ez · ∇φ = 0, z = ±Z, ∀x ∈ [−L/2, L/2].

ψw(r′) = ψw(T−1
R r), φ(r′) = φ(T−1

R r).

ψw(r) ← ψw(R−1
α r), φ(r) ← φ(R−1

α r).



Ωh = (δx, δz)

Relaxation method for the NLSE

ψh(t + δt) = ψh(t) +

(
−λw

2
Lh + vh

eff − µ

)
ψh(t)δt,

ψh(0) = ψ0, δt <
1

4
min(δ2

x, δ
2
z),

Lhψh =
1

δ2
x

(ψi+1,j − 2ψi,j + ψi−1,j) +
1

δ2
z

(ψi,j+1 − 2ψi,j + ψi,j−1)

vh
eff = φh + vxc(ψ

h) +
5

3
(ψh)4/3

µ =
5

3
(ψbulk)

4/3 + vxc(ψbulk) + φbulk



Multigrid method for the Poisson’s equation

IhH IHh

Sh
h

h

H

2H

H=2h

h
H
2H

Lhφh = −4π[(ψh)2 − nh
J ] = fh

eh = φh − φ̃h, rh = fh − Lhφ̃h, Lheh = rh

Coarse-grid correction

rH = IH
h rh, LHeH = rH , eH = (LH)−1rH , φ̃h ← φ̃h + Ih

HeH



Restriction and interpolation operators

IH
h : Ωh → ΩH , Ih

H : ΩH → Ωh, H = 2h

IH
h =





1/4 1/2 1/4

1/2 1 1/2

1/4 1/2 1/4





, Ih
H =





0 1/8 0

1/8 1/2 1/8

0 1/8 0





Relaxation S : Ωh → Ωh

S : φ̃i,j ←
(
fi,j − 1

δ2
x

(φ̃i−1,j + φ̃i+1,j)− 1

δ2
z

(φ̃i,j+1 + φ̃i,j−1)

)
/∆

∆ =

(
1

δ2
x

+
1

δ2
z

)

Two-grid iteration I2(ν1, ν2)

φ̃h ← Sν1φ̃
h, rh = fh − Lhφ̃h, rH = IH

h rh

eH = (LH)−1rH , eh = Ih
HeH

φ̃h ← φ̃h + eh, φ̃h ← Sν2φ̃
h

Recursive two-grid iteration RI2 on Nl coarser grids Ω2h, Ω4h, . . .

l = 2, . . . , Nl n = 1, . . . , Nv, H = 2lh, 2(l − 1)h, . . . h,

φh ←RI2φ̃
h

Numerical results for Nv = 15, ν1 = ν2 = 5. (δx = 0.11, δz = 0.08).



Numerical results for flat surfaces.
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Metallic work functions

rs present result (A) (B)

2 3.70 3.70 3.89

3 3.22 3.22 3.50

4 2.83 2.84 3.06

5 2.53 2.55 2.73

Work functions W in eV for flat jellium surfaces, compared with

calculations (A) and (B).

(A) A. Chizmeshya and E. Zaremba, Phys. Rev. B 37, 2805 (1988).

(B) N. D. Lang and W. Kohn, Phys. Rev. B1, 4555 (1970).

W = −µ = −(
5

3
(ψbulk)

4/3 + vxc(ψbulk) + φbulk) (1)



Projected density of states (Al and Cu surfaces)
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Static widths.
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Ion-survival probability near flat Cu surafce
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Numerical results for vicinal surfaces
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Work functions for vicinal metallic surfaces

this work literature data

rs m n W ∆W ∆W [Ref.]

2 10 1 3.66 0.03 0.03 (A)

2 10 2 3.63 0.07 0.05 (A)

2.7 8 1 3.30 0.05 0.03 (B) for Cu(117)

0.04 (B) for Cu(119)

2.7 8 2 3.26 0.09

3 10 2 3.16 0.06

4 10 2 2.75 0.08

Work function W and work function change ∆W in eV compared with

results based on the Kohn-Sham equations (A) and experimental data

for vicinal Cu(117) and Cu(119) surfaces (B).

(A) H. Ishida and A. Liebsch, Phys. Rev. B 46, 7153 (1992).

(B) M. Roth, M. Pickel, J. Wang, M. Weinelt, Th. Fauster,

Appl. Phys. B 74, 661 (2002).



Surface potentials for Al and Na
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Projected density of states (PDOS)
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PDOS, vicinal Al surface, (m,n) = (10, 1)
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PDOS, vicinal Na surface, (m,n) = (10, 2)
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Static decay widths near Al and Na surfaces

-10 -5 0 5 10 15 20 25 30 35 40

4x10-1

4x100

   [
eV]

(a)

 

 

rs=2,m=10,n=1

7.0

6.0
5.0

4.0

2.0 3.0

-10 -5 0 5 10 15 20 25 30 35 40

4x10-1

4x100

 

 

 

rs=2,m=10,n=2

  [
eV]

(b)

4.0
5.0

6.0 7.0

8.0

-10 -5 0 5 10 15 20 25 30 35 40

10-1

100

rs=4,m=10,n=2

 

 

  [
eV]

Dpar [a.u.]

3.0

4.0
5.06.0

7.0

8.0 9.0

10.0

(c)



Ion-survival probability near vicinal Al surface, (m,n) = (10, 1)
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Free-electron gas in a volume Ω at T = 0◦ K

H = K

K =
∑

k,σ

k2

2
c†kσckσ, {ck,σ, c

†
k′,σ′} = δk,k′δσ,σ′

|0〉 = A
(∏

i

|ki, σi〉
)

, |ki| < kF , φk,σ(r, λ) =
1√
Ω

eik·rδσλ

nk,σ = 〈c†k,σckσ〉0 = θ(kF − k)

E0 = 〈K〉0 = 2
∑

k

θ(kF − k)
k2

2
= 2Ω

∫

k<kF

d3k

(2π)3

k2

2
=

Ωk5
F

10π2

N = 2
∑

k

θ(kF − k) = Ω
k3

F

3π2
⇒ n =

N

Ω
=

3

4πr3
s

=
k3

F

3π2

t(n) = E0/N =
3

10
k2

F =
3

10
(3π2)2/3n2/3



Interacting electron gas in jellium model

H = K + V

V =
1

2Ω

∑

k,σ

∑

k′,σ′

∑

q 6=0

4π

q2
c†k+q,σc

†
k′−q,σ′ck′,σ′ck,σ

Ground state energy in Hartree-Fock approximation E = E0 + δE(1)

δE(1) =
1

2Ω

∑

k,σ

∑

k′,σ′

∑

q6=0

4π

q2
〈0|c†k+q,σc

†
k′−q,σ′ck′,σ′ck,σ|0〉

〈0|c†k+q,σc
†
k′−q,σ′ck′,σ′ck,σ|0〉 = δq,0nk,σnk′,σ′ − δk+q−k′nk,σnk′,σ′

⇒ δE(1) = − 1

2Ω

∑

k,σ

∑

k′,σ′

∑
q

4π

q2
δ(k + q− k′)δσ,σ′nk,σnk′σ′ =

= − 1

2Ω

∑

q,k,σ

4π

q2
θ(kF − k)θ(kF − |k− q|) = − 2Ω

(2π)3
k4

F ⇒

εx(n) = δE(1)/N = −3

4

(
3

π

)1/3

n1/3

Structure factor

S(q) =
1

n2

∫ d3k

(2π)3
θ(kF − k)θ(kF − |k− q|), q 6= 0

P (r) =
4πr2

Ω



1−

[
3

k3
F r3

(sin(kF r)− kF r cos(kF r))

]2






Correlation energy, RPA.

H = H0 + V, H0 = K

Ecorr =
∞∑

k=2

δE(k) =
〈
V

1

E0 −K
V

〉

0

+
〈
V

1

E0 −K
V

1

E0 −K
V

〉

0

+ . . .

δE(2) = δE(2)
x + δE(2)

c

δE(2)
x = const×N

∫
d3q

∫
d3k

∫
d3p

nknp(1− np+q)(1− nk+q)

q2(q + k + p)2(q2 + q · (k + p))

δE(2)
c = const×N

∫
d3q

∫
d3k

∫
d3p

nknp(1− np+q)(1− nk+q)

q4(q2 + q · (k + p))
∫

d3k
∫

d3p
1

q4(q2 + q · (k + p))
∼ q, q → 0, δE(2)

c ∼
∫ dq

q

Gell-mann-Brueckner series, high density limit rs → 0

δE =
∑

k

∫ d3q

(2π)3

(
2π

Ωq2

)k

Ak(q)(−1)k,

Ak(q) =
1

k

∫
dt1 . . .

∫
dtkFq(t1) . . . Fq(tk)δ(t1 + + . . . + tk),

Fq(t) =
∫ d3k

(2π)3
e−|t|(q

2/2+q·k)θ(kF − k)θ(|k + q| − kF ),

⇒ εc(n) = δEc/N =
1

2
(0.0622 ln rs︸ ︷︷ ︸

Es.r.

− 0.094︸ ︷︷ ︸
El.r.

) + O(rs ln rs),⇒



Screening of the Coulomb interactions, polarization propagator

Π(q, ω) =
1

2
(F̃+(q, iω + 0)− F̃−(q, iω − 0))

ueff(q, ω) =
4π

q2
+

4π

q2
Π(q, ω)

4π

q2
+ . . . =

4π/q2

1− Π(q, ω)4π/q2

In static limit ω → 0,

Π(q, 0) =
kF

2π2

{
−1 +

kF

q

(
1− 1

4

q2

k2
F

)
ln

∣∣∣∣∣
1− q/2kF

1 + q/2kF

∣∣∣∣∣

}

and if q ¿ kF , Π ≈ −kF /2π2 ⇒

ueff(q) =
4π

q2 + 2kF /π
, qTF =

√
2kF /π

Low-density limit, rs →∞, H = K + V , K ≈ 0

εc(n) = Ec/N ≈ 1

2

(
3

5rs

− 3

2rs

)
= −0.44

rs

, ⇒

Wigner interpolation formula

εc(n) = − 0.44

7.8 + rs


